Trace scaling automorphisms of a stable AF algebra with dimension group totally ordered are outer conjugate if the scaling factors are the same (not equal to one).
of α and β. This extends Theorem 2 of [14] and Theorem 7 of [8] . (Note that even in the UHF case the conclusion is stronger than the one in [8] . ) Let λ = 1 be a positive number and let G λ be the subgroup of R generated by λ n , n ∈ Z. If A is the stable AF algebra whose dimension group is G λ and α is an automorphism of A such that α * acts on the dimension group by multiplication by λ, then from the above result the crossed product A ⋊ α Z depends only on λ. But we have now a more general theorem in this direction: it follows from [18, 11, 17] that A ⋊ α Z, being a purely infinite simple C * -algebra, is isomorphic to a stable Cuntz algebra.
Rohlin property
Let A be a non-unital C * -algebra and let α be an automorphism of A. We assume that A has an approximate unit consisting of projections. Based on [18] we define a Rohlin property for α as follows:
The automorphism α has the Rohlin property if for any k ∈ N there are positive integers k 1 , . . . , k m ≥ k satisfying the following condition: For any projections E, e in A , any unitary U in A + C1, any finite subset F of A E = EAE, and ǫ > 0 with e ≤ E, Ad U • α(e) ≤ E, e ∈ F , Ad U • α(e) ∈ F , there exists a family {e i,j ; i = 1, . . . , m, j = 0, . . . , k i − 1} of projections in A such that i j e i,j = E, Ad U • α(e i,j e) − e i,j+1 Ad U • α(e) < ǫ, [x, e i,j ] < ǫ, for i = 1, . . . , m, j = 0, . . . , k i − 1 and x ∈ F where e i,k i = e i,0 . The projections {e i,j } will be called a set of Rohlin towers.
If we apply the same definition to a unital C * -algebra A, then the Rohlin property for the unital case [13, 14] , where E = 1 = e is preassumed, implies the present definition. (We just have to cut down by E a set of Rohlin towers obtained for E = 1 = e which almost commutes with E, e and use functional calculus to get the desired set of Rohlin towers.) The following is an easy consequence whose proof we omit: Proposition 2.2 Suppose that there is an increasing sequence {P n } of projections in A such that P n x − x →0 for any x ∈ A and α(P n ) = P n . Then α has the Rohlin property if and only if the restriction of α to A Pn = P n AP n has the Rohlin property for any n.
We are, however, interested in the situation where the above proposition does not apply.
Let A be a simple stable AF algebra and let α be an automorphism of A. Let {A n } be an increasing sequence of finite-dimensional subalgebras of A such that the union ∪ n A n is dense in A.
Remark 2.3
In this situation for any ǫ > 0 there is a subsequence {n k } of positive integers and a unitary U ∈ A + 1 such that U − 1 < ǫ and Ad
for any k. This can be proved by using the following fact inductively: If B is a finite-dimensional subalgebra of A and ǫ > 0, there is an n ∈ N and a unitary U ∈ A + 1 such that U − 1 < ǫ and Ad U(B) ⊂ A n .
Hence by slightly perturbing α and passing to a subsequence of {A n } we may assume that α −1 (A n ) ⊂ A n+1 , α(A n ) ⊂ A n+1 for any n. We fix a nonzero projection E ∈ A 1 . Let e be a projection in ∪ k A k and U a unitary in ∪ k A k + C1 such that e ≤ E and Ad U •α(e) ≤ E. Since A E = EAE is simple there is a k ∈ N such that e, Ad U •α(e), U ∈ A k + C1 and the multiplication by e (resp. f = Ad U • α(e)) induces an isomorphism of
This is indeed well-defined: Since
We note that φ(α, e, U) is essentially independent of e and U in the sense that if φ(α, e 1 , U 1 ) is another one then φ(α, e, U) = φ(α, e 1 , U 1 ) on the common domain D. Because if e 1 ≤ e and U 1 = U, this follows since
for any x ∈ D; if e = e 1 , this follows since
for any x ∈ D and UU * 1 commutes with φ(α, e, U 1 )(x); and if e 1 = Ad V (e) and U 1 = Uα(V * ) with V a unitary in ∪ n A n + C1, this follows since Ad U • α(e) = Ad U 1 • α(e 1 ). Thus we denote byα the homomorphism induced by these φ(α, e, U); this is a homomorphism of (A ∩ A
) is well-defined if so is φ(α, e, U),α −1 is defined at least on (A ∩ A ′ k+2 ) E , and satisfies that
E for a sufficiently large l (depending on n). Let ω be a free ultrafilter on N and let A ω E be the quotient
Let x = (x n ) ∈ A Eω . Then we can find an increasing sequence {k n } in N and x
. This is indeed easily checked to be well-defined. In the same way we can defineβ ω for β = α −1 and show thatα ω •β ω = id andβ ω •α ω = id. Thusα ω is an automorphism of A Eω .
Let τ be a densely-defined non-zero lower semi-continuous trace on A and assume that τ is unique up to a constant multiple. Since τ • α is again such a trace, there is a λ > 0 such that τ • α = λτ . We normalize τ by τ (E) = 1. We can define a state τ ω on A Eω by
. . , N} is the set of minimal projections in the center of EA k+1 E, and k n > k + 1, then
which, when n is large, is almost equal to
since τ is factorial. Thus we obtain that τ ω •α ω = τ ω . Without loss of generality we assume, from now on, thatα is defined as φ(α, e, 1) on (A ∩ A ′ 2 ) E , i.e., e, α(e) ∈ A 1 , e ≤ E, α(e) ≤ E, and the central supports of e and α(e) in (A 1 ) E are E.
The above argument carries over to the weak closure R of π τ (A E ). Note that R ω is defined as the quotient of l ∞ (N, R) by
where a τ = τ (a * a) 1/2 , and τ is regarded as the tracial state on R induced from τ on
, lim n→ω x n τ = 0 if and only if lim α(x n ) τ = 0. In this way we have the automorphismα
are as above, then any non-zero power ofα ω is properly outer.
Proof. The proof is similar to the proofs of Lemmas 1 and 2 of [8] . Denote by α the automorphism of π τ (A)
′′ induced by α. Fix n ≥ 2 and let B = π τ (A nE ) ⊂ R. For a non-zero projection f ∈ R ∩ B ′ we assert that
Suppose that the above infimum is positive, say δ > 0. We may suppose that f is in one factor direct summand of R ∩ B ′ . Let f 1 be a minimal projection in B such that
there exist i, j such that
which is a contradiction. By using this we can show that α ω is properly outer (cf. Lemma 2 of [8] and [5] ). By applying the same argument toα n , we obtain that (α ω ) n is properly outer for any n = 0.
Let D = A E and suppose that D has a unique tracial state. Let B be a finitedimensional subalgebra of D. We say x ∈ D is independent of B if x ∈ B ′ and
Lemma 2.5 Let {P 1 , . . . , P N } be the set of minimal central projections of B. Then x ∈ D ∩ B ′ is independent of B if and only if
Proof. It suffices to show the if part. Since
Hence τ (xy) = τ (x)τ (y). This completes the proof.
Lemma 2.6 Suppose that the dimension group K 0 (A) is totally ordered and identified with a subgroup of R and that K 0 (A) = λK 0 (A) for some λ = 1. For any central sequence {f k } of projections in A E there is a central sequence {f
i } be the set of minimal central projections in A nE . We can find an l n ≥ k n such that
for k ≥ l n and all i. We will then define f
Proof. Let {P i } be the set of minimal central projections in EA n−1 E. Then
We just repeat this procedure. Theorem 2.8 Let A be a stable AF algebra such that K 0 (A) is totally ordered and let α be an automorphism of A such that τ • α = λτ where τ is a trace on A (unique up to constant multiple) and λ = 1. Then α has the Rohlin property.
Proof. Let E, e be projections in A and U a unitary in A + C1 such that e ≤ E and Ad U • α(e) ≤ E. Let {A n } be an increasing sequence of finite-dimensional subalgebras of A such that the union ∪ n A n is dense in A and E, e, Ad U • α(e) ∈ A 1 . By taking Ad U • α instead of α we now assume that U = 1. For any δ > 0 we find a unitary V ∈ A + 1 such that V − 1 < δ and, by passing to a subsequence of
. By perturbing V if necessary we may further assume that Ad V • α(e) = α(e). By taking a sufficiently small δ > 0 we may take Ad V • α for α. Thus we have the following situation: There exists an increasing sequence {A n } of finite-dimensional subalgebras of A such that the union ∪ n A n is dense in A, α(A n ) ⊂ A n+1 , α −1 (A n ) ⊂ A n+1 , E, e, α(e) ∈ A 1 , and e, α(e) ≤ E. The problem is to find a set of Rohlin towers as specified in Definition 2.1. But this follows from Lemmas 2.4, 2.6, and 2.7 based on the arguments given in [13, 14] Remark 2.9 In the situation of the previous theorem let α be an automorphism of A such that α * = id and any non-zero power is not weakly inner in the tracial representation. Then α has the Rohlin property. (See Proposition 2.2 or Theorem 4.1 of [14] .) Remark 2.10 In the above theorem we can make the Rohlin property more specific: In Definition 2.1 we may take {k, k + 1} for {k 1 , . . . , k m }. This follows because of Lemma 2.7 (see [14] ).
Stability
Theorem 3.1 Let A be a (non-unital) AF algebra and let α be an automorphism of A with the Rohlin property. Let ǫ > 0 and let B 1 be a finite-dimensional subalgebra of A. Then there is a finite-dimensional subalgebras B 2 of A such that for any unitary
The following argument works if A is unital or non-unital; if A is unital, we should regard 1 as the unit of A, otherwise 1 as the unit adjoined to A.
Suppose that there is an increasing sequence {A n } of finite-dimensional subalgebras of A such that ∪ n A n is dense in A and α −1 (A n ) ⊂ A n+1 , α(A n ) ⊂ A n+1 for any n. By Remark 2.3 the above theorem is an easy consequence of: Lemma 3.2 Under the above assumption let U be a unitary in
Proof. Let U be a unitary in A ∩ A ′ n + 1. We may further suppose that there is an m > n such that U ∈ A m + 1. Let F be the identity of A m and let
which are projections in A m+2k+1 with that e, α(e) ≤ E.
For E, e and {k, k + 1} we find a set of Rohlin towers {e 1,0 , . . . , e 1,k−1 , e 2,0 , .
Hence it follows that
where the k − 1'th summand in the first summation should be understood as
and the k'th term in the second as
0 ) * α(U * k )e 2,0 α(e) = Ue 2,0 α(e).
Hence we have that
where ǫ > 0 is a small number depending on the Rohlin towers we used. This completes the proof. Proof. Note that A can be either unital or non-unital. Let ǫ > 0 and let {x n } be a dense sequence in the unit ball of A. We shall construct inductively sequences {A n }, {B n } of finite-dimensional subalgebras of A, sequences {u n }, {v n } of unitaries in A + 1 such that
Outer conjugacy
where A n ∋ δ x means that there is a y ∈ A n with x − y < δ and
We first construct A 1 according to (1) . Having constructed
we proceed as follows: We choose u 2n+1 according to (3) . Since α 2n−1 |A 2n = β 2n |A 2n from (4) and the definition of β 2n above, it follows that u 2n+1 ∈ α 2n−1 (A 2n ) ′ and so by (7) that there is a unitary v 2n+1 ∈ A ∩ B ′ 2n−1 + 1 satisfying (5). We may assume that there is a B 2n+1 satisfying (2) (for 2n + 1 in place of n). Having defined B 2n+1 we define A 2n+2 satisfying (1) and (7) (by using Theorem 3.1) and choose u 2n+2 according to (4) . Since u 2n+2 ∈ β 2n (A 2n+1 ) ′ , we define v 2n+2 satisfying (6) by using (8) and assume that there is a B 2n+2 satisfying (2). We define A 2n+3 satisfying (1) and (8) . This completes the induction.
We note that the union ∪ n A n is dense in A and define automorphisms σ n of A by
and defineσ
n−2 , and ∪ n B n is dense, they are well-defined. We let
and define unitaries w
} converge, say tow 0 andw 1 respectively. Thenw i 's are unitaries in A + 1 such that w i − 1 < ǫ.
Since α 2n−1 |A 2n = β 2n |A 2n , we have that
2n |A 2n , which implies that
0 . This completes the proof. Proof. This follows from Theorems 2.8 and 4.1.
Remark 4.3
In the above corollary the exact conjugacy α = σ • β • σ −1 for some automorphism σ of A cannot be expected in general. For example if A is a prime AF algebra such that A ∼ = A ⊗ K, where K is the compact operators on l 2 (Z), and α is an automorphism of A such that α n is properly outer for any n = 0, let α 1 be the automorphism of A defined as α ⊗ γ through A ⊗ K ∼ = A where γ = Ad U and U is the shift unitary on l 2 (Z). Then α 1 satisfies that for any x, y ∈ A, α n 1 (x)y →0 as n→∞. This property is preserved by conjugacy but not by outer conjugacy. (By [12] there exists a faithful α 1 -covariant irreducible representation of A; by using Kadison's transitivity theorem in this irreducible representation it follows that for any ǫ > 0 there are an x ∈ A and a unitary U ∈ A + 1 such that 0 ≤ x ≤ 1, x = 1, U − 1 < ǫ, and (Ad U • α 1 )
n (x)x = 1.)
Remark 4.4 Let λ = 1 be a positive number and let
If {1, λ, λ 2 , . . . , } are linearly independent over Q then the quotient G λ /(1 − λ)G λ is isomorphic to Z and otherwise if {f ∈ Z[t] | f (λ) = 0} = p(t)Z[t] with some p(t) ∈ Z[t], then G λ /(1 − λ)G λ ∼ = Z/p(1)Z. If A is the stable AF algebra with dimension group G λ and α is an automorphism of A with α * = λ, then the crossed product A ⋊ α Z has G λ /(1 − λ)G λ as K 0 and {0} as K 1 by the Pimsner-Voiculescu exact sequence [1] . Hence A ⋊ α Z is isomorphic to a stable Cuntz algebra O n ⊗ K where n is either finite or infinite [18, 11, 17, 6, 7] .
